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Vacuum drying of active pharmaceutical ingredients (API) is an energy-intensive process that is often a manufacturing
bottleneck. A multiphase transport model to predict drying performance under the assumption that boiling is the domi-
nant mechanism is developed. Laboratory scale drying experiments were performed over a range of temperatures and
pressures using acetone as the solvent and glass beads of three different particle sizes to mimic APIs. A two-phase
transport model with the vapor and solid considered as one phase and the liquid treated as the second phase was capa-
ble of qualitatively reproducing the drying dynamics is found. Adjustable model parameters estimated from experimental
data collected over a range of operating conditions exhibited trends that provided further insight into drying behavior.
Boiling is the dominant mechanism in vacuum drying and our transport model captured the key physics of the process.
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Introduction

Vacuum drying is a widely used unit operation in the phar-
maceutical industry for reducing solvent levels of intermediate
and final solid products to acceptable levels. Drying can be the
rate limiting step in the cycle time of a pharmaceutical plant
as it can require hours to days for completion.1 The drying bot-
tleneck motivates the quantitative investigation of the effect of
drying process parameters on cycle times.

A promising approach for process improvement is to use a
mathematical model to predict and optimize dryer perform-
ance. A wide variety of drying models exist2 and can be con-
veniently classified as: (a) vaporization front models, (b) pore
network models, (c) population balance models, (d) discrete
element models, and (e) transport models. Vaporization front
and population balance models typically contain numerous
unknown parameters that must be estimated from dryer data.2

Furthermore, the extensibility of these models to new operat-
ing condition as needed for process optimization has not been
well studied. Pore network models are most useful for devel-
oping fundamental understanding of the impact of the cake
pore structure on drying behavior. However, these models
require substantial information about the cake structure and do
not account for many important transport effects including
nonisothermal operation. While they do not suffer from the
limitations of the other drying models, discrete element mod-
els are highly computationally intensive as individual particles

must be simulated.2 Consequently, these models are not well
suited for process simulation and optimization.

Whitaker developed a general theory of drying based on
coupled heat and mass transfer.3 A number of drying models
with applications to pharmaceutical products1,4 as well as in
other industries5,6 have been based on the Whitaker model.
For example, variants of the Whitaker model have been devel-
oped for three-dimensional simulation of wood drying7 and
clay drying.8 Because these models have the ability to gener-
ate qualitatively accurate predictions with reasonable compu-
tational effort, we also based the development of our vacuum
drying model on the Whitaker model.

We observed from our experiments that the thermodynamics
during vacuum drying were very similar to that of simple boil-
ing. The same behavior was observed in another study on vac-
uum drying of pharmaceutical products with multiple solvents.9

However, existing drying models including the Whitaker model
do not account the thermodynamics of boiling. Therefore, the
goal of this study was to develop a novel multiphase drying
model that captured the boiling mechanism. To avoid the com-
plexities of a full three-phase model, we considered the system
to comprise of two phases: the liquid phase and a combined
solid-vapor phase. As opposed to drying models in which the
rate of liquid vaporization was calculated from empirical rela-
tionships, we used the liquid phase energy balance to rigorously
compute the mass loss due to boiling. Cake temperature and sol-
vent composition data collected over a range of temperatures,
pressures, and glass bead sizes were used to identify parameter
trends and obtain further insights into drying behavior. While we
focused on vacuum tray drying, the proposed model can be
extended to other vacuum drying processes such as agitated Nut-
sche dryers.

Correspondence concerning this article should be addressed to M. A. Henson at
mhenson@engin.umass.edu.
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Materials and Methods

Experiments

Materials. The solids used for experiments were spherical
glass beads (Corpuscular, Cold Spring, NY) of three size
ranges: (a) 10–25 lm, (b) 70–110 lm, and (c) 150–250 lm.
Particle-size distributions (PSDs) were measured with a
HORIBA LA-920 static laser scattering analyzer (Albany,
NY). Only this method was used to measure the particle size
as it provides a good estimate for volume-based PSD. In addi-
tion, the method also provides sufficient information to char-
acterize the glass bead samples. Figure 1 shows the measured
PSDs as well as the volume weighted arithmetic mean diame-
ters of the three bead samples. All the samples produced unim-
odal PSDs. Interestingly, the measured mean diameter of the
10–25 lm bead sample was 9.38 lm, which was outside the
range claimed by the manufacturer.

Acetone was used as the solvent in all experiments. Impor-
tant properties of acetone with respect to its vaporization
behavior are listed in Table 1. The enthalpy of vaporization
does not change significantly over the range of operating pres-
sures considered in this work.

Laboratory-Scale Vacuum Drying System. We designed
and constructed a customized vacuum contact dryer system to

perform our laboratory experiments (Figure 2). The oven was
specially designed for efficient heat transfer to the cake and
insulated to avoid heat loss. Rather than use electrical heaters
on the walls of the oven, the cake was heated with a hot fluid
that circulated through the tray upon which the sample dish
was placed. The fluid temperature was regulated by a Lauda
Model Proline RP 845 temperature controller (Delran, NJ)
with an accuracy of 0.018C. Nitrogen (purity 99.998%) was
pumped into the oven as the carrier gas at a volumetric flow
rate of 5 LPM (8:3331025 m3/s). The nitrogen flow rate was
regulated by a Cole Parmer Model 32907-69 flow controller
(Vernon Hills, IL) with an accuracy of 0.1%. Gas in the oven
head space consisting of evaporated solvents, nitrogen, and
residual oxygen and carbon dioxide was continuously
removed to maintain the oven pressure at the set point value.
The exit gas flow rate was measured with an Omega Model
FMA-1610A-VOL flow meter (Stamford, CT) with a maxi-
mum flow rate of 100 LPM (1:6731023 m3/s) and an accu-
racy of 1%. The flow meter used the Hagen–Poiseuille
equation to calculate the flow rate and was calibrated using
pure nitrogen. Data from the flow controller and flow meter
were logged using PuTTY (open source software under the
MIT license). To enhance mixing of gases, the inlet and out-
let gas ports were placed at the lower bottom right corner and
the top of the oven, respectively. At the inlet flow rate of 5
LPM (8:3331025 m3/s), the oven residence time (s) was cal-
culated to be 512 s by performing a nitrogen step experiment
and fitting the nitrogen mass fraction data to the first-order
differential equation .11

The oven pressure was regulated with a BUCHI Model V-
850 pressure controller (New Castle, DE) that manipulated a
control valve on the exit gas stream. The pressure controller
operated as an on-off type controller with a specified tolerance
of 1 Torr. Pressure data were logged using Distillation Record
software provided by BUCHI. The exist gas was passed
through a FTS Systems Model Titan Trap vapor trap (Warmin-
ster, PA) and then was removed from the system with an
Edwards Model XDS10 A72601906 pump (Sanborn, NY).
Three Oakton Model 073098B-K-G-12 type K thermocouples
(Vernon Hills, IL) were available for direct placement inside
the drying cake to measure spatial temperature gradients. The
adjustable thermocouples were placed at 0, 0.8, and 1.8 cm
from the base of the sample dish, and temperature data were
recorded with a Cole-Parmer Model USB-5201 data logger
(Vernon Hills, IL) using Tracer DAQ software provided by
Cole-Palmer. Gas exiting the top of the oven through a tube
wrapped in heat tape to avoid condensation of solvents was
passed to an Extrel CMS Model Max LG 300 mass spectrome-
ter (MS, Pittsburgh, PA) for composition analysis. The MS
was capable of achieving an accuracy of 100 ppb (1027 mole
fraction) in the absence of interference between the compo-
nents. Due to the presence of some interference, an accuracy
of 1025 was attainable after calibration. Mole fraction

Figure 1. Particle-size distributions of the glass bead
samples: (a) 10–25 lm, (b) 70–110 lm, and (c)
150–250 lm.

The dashed line indicates the volume-weighted mean

diameter (dp). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Table 1. Properties of Acetone at Different Operating

Pressures

Solvent
Pressure
(Torr)

Boiling
Point10 (8C)

Enthalpy of
Vaporization

(J/kg)
Molecular

Weight10 (g/mol)

Acetone 30 215.39 5.67 3 105 58.08
40 210.47
50 26.50
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measurements were generated every 3–4 s and processed using
Questor5 software provided by Extrel.

Procedure. The solid material was placed inside a glass
dish with an inner diameter of 8.6 cm (OD: 9 cm) such that the
cake thickness was 2.3 cm. The solid was saturated with the
solvent, placed in the oven and outfitted with the three thermo-
couples. The vapor trap, pump, flow meter, flow controller,
and thermocouple data loggers were turned on and data
recording was initiated. The oven was closed securely and

pressure reduction was commenced by opening the exit gas
control valve using the pressure controller. This point repre-
sented time zero and was used to synchronize all data. Drying
operation was stopped by venting the oven with air when the
MS displayed a mole fraction of 0.5% or less of the least vola-
tile component.

Multiphase transport model

Information Flow Diagram. Figure 3 shows the flow of
information as the model was executed. The main components

Figure 2. Laboratory-scale vacuum contact dryer connected to a portable MS for real-time analysis of drying per-
formance.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 3. Information flow diagram for transport modeling and parameter estimation.

The dashed lines represent flow of data used by the optimizer for parameter estimation.
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were the multiphase transport model (MPTM), grid generation
module, oven model, drying time endpoint module, and opti-
mizer module. The MPTM was supplied solid properties and
liquid and vapor phase properties of the solvent. Grid genera-
tion was a simple module that generated a spatial grid for
numerical solution given the thickness of the cake and the
specified number of nodes. The Partial Differential Equations
(PDEs) were discretized in space along this grid. The time-
dependent Ordinary Differential Equations (ODEs) obtained
from this discretization procedure were solved in the MPTM.
The Clausius–Clapeyron equation was used to calculate the
enthalpy of vaporization for use in the MPTM module using
pressure and boiling point data.10 A drying time module11 was
used to detect the endpoint of drying, at which time the simu-
lation was terminated. Under assumption that the gas head
space was well mixed, the oven model received the solvent
vaporization rate from MPTM and calculated the gas composi-
tions leaving the oven. Both the MPTM and the oven module
were supplied with system properties such as the sample con-
tainer dimensions, the oven headspace volume, and so forth.
Following one or more simulations, outputs from both the
MPTM and the oven model were sent to the optimizer where
measured and predicted variables were compared based on a
specified least-squares objective function. Updated values of
selected model parameters for future simulations were gener-
ated by minimizing the objective function.

Governing Equations for Cake Drying Model. In this
analysis, the macroscopic continuum approach was adopted.
The model accounted for two phases, the liquid phase and a
combined solid-vapor phase. We assumed that the vapor phase
would very rapidly track the temperature of the solid phase.
The characteristic time for temperature to reach equilibrium
between the vapor and solid phases was approximated as the
time constant for heat transfer in the vapor phase. This time
constant was of the order 1023 s for the system under consid-
eration. As the drying time was many orders of magnitude
larger, the lumping of the solid and vapor phase for the heat
balance was valid. When conditions were favorable for boil-
ing, the temperature of the liquid phase was constrained to be
equal to the saturation temperature as observed in our experi-
ments. However, this constraint was not imposed on the solid-
vapor phase. All variables in the model varied in time and

only in the z direction spatially (Figure 4). Variables were vol-
ume averaged using the approach described by Whitaker.3 For
example, in a control volume V containing solid, liquid, and
vapor, the average concentration of solvent in the liquid was
Cl5

1
V

Ð
Cl;localdV. Thus, Cl;local is treated as the solvent con-

centration in the liquid at any point in the control volume V.
The model was derived based on the following

assumptions,
1. Mass transfer in the liquid phase occurred via diffu-

sion, and the diffusion coefficient varied linearly with the
moisture content as shown in Eq. 2. The resulting diffusion
equation was of the form of the Richard’s equation.

2. All material properties were treated as constants
including ks; kl; kv; cps

; cpl
; cpv

; cpb
, DH;ql;qs; and qb (see

Notation).
3. Mass-transfer resistance for vapor flow from the point

of vaporization to the head space of the oven was negligible.
4. The vapor behaved like an ideal gas under the vac-

uum conditions used. Hence, the density of the vapor was
calculated from the ideal gas equation.

5. Boiling was the only form of vaporization considered
in the model, with evaporation assumed to be negligible.
When the temperature of the liquid phase was equal to or
greater than the saturation temperature, the liquid was con-
sidered to be boiling.

6. The solid was impermeable to the liquid and vapor
and any form of adsorption on the solid particles was
neglected.

7. The liquid phase was considered to be incompressible.
8. The effect of the size of the solid particles on drying

behavior could be captured with the mean particle diameter
independent of the PSD.

9. Deformation of the porous medium was considered to
be negligible.

10. The sides of the cake were considered to be perfectly
insulated (Figure 4). Hence, heat transfer in the radial direc-
tion was omitted.

11. Diffusion of gas from the oven head space into the

cake was considered to be negligible. This assumption was

based on the fact that boiling leads to high volumes of vapor

being generated. Because the cake was initially saturated

with solvent, this assumption was the potential to introduce

significant error only at the very end of the drying cycle.

However, the ppm concentration of the solvent at this point

was much lower than the acceptable residual solvent concen-

tration (e.g., see Ref. 12 for acetone). Therefore, the simula-

tion was typically stopped before this point was reached.

Mass Balance on the Liquid Phase. Based on the

assumptions above, the mass balance on the liquid phase had

the form in Eq. 1. The diffusion coefficient varied linearly

with the liquid volume fraction, denoted by �l, as shown in Eq.

2. Here, Do is the diffusion coefficient when the void space

was saturated with liquid. As the equations were volume aver-

aged, the linear reduction in the diffusion coefficient D with

volume fraction �l represented a reduction in the cross-

sectional area available for diffusion. In Eq. 1, _C denotes the

rate of liquid mass vaporizing per unit volume. For the case of

drying by evaporation, this rate has been replaced with various

empirical forms.1 In this work, we rigorously calculated the

rate from an energy balance on the liquid phase

@Cl

@t
5
@

@z
D
@Cl

@z

� �
2 _C (1)

Figure 4. Schematic for derivation of the cake drying
model.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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D5Do�l (2)

Mass Balance on the Solid-Vapor Phase. The concentra-
tion of solid was assumed to be constant in time and space.
Hence

@Cs

@t
50 (3)

Furthermore, newly created vapor was assumed to have a
free path from its point of origin within the cake to the oven
head space. Exploiting this assumption to simplify the calcula-
tions, we used the fact that �v512 �s1�lð Þ as listed in Table 2.

Energy Balance on the Liquid Phase. Four distinct mech-
anisms were considered to affect the rate of change of
enthalpy in the liquid phase. As shown in Eq. 4, these mecha-
nisms were heat transfer by conduction, heat transfer due to
diffusion, heat transferred from the solid-vapor phase, and
enthalpy lost due to vaporization

@ Clhlð Þ
@t|fflfflffl{zfflfflffl}

Rate of change of

enthalpy of liquid

5
@

@z
�k l

@Tl

@z

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Heat transfer

by conduction

1
@

@z
D
@Cl

@z
hl

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Heat transfer by

diffusion of liquid

1 hint Tsv2Tlð Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Heat transfered from

solid-vapor phase

2 _Chv|{z}
Enthalpy lost due

to vaporization

(4)

Using Eq. 1, the energy balance Eq. 4 can be simplified as

Clcpl

� � @Tl

@t
5
@

@z
�k l

@Tl

@z

� �
1hint Tsv2Tlð Þ2 _CDH1 Dcpl

@Cl

@z

@Tl

@z|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
neglected

(5)

When conditions were favorable for boiling, we attempted
to mimic our experimental results by constraining the liquid
temperature Tl to track the saturation temperature Tsat calcu-
lated at the current pressure. Hence, Eq. 5 was rearranged to
obtain an explicit equation for _C as shown in Eq. 6

_C5
@
@z

�k l
@Tl

@z

� �
1hint Tsv2Tlð Þ2 Clcpl

� �
@Tsat

@t

DH
(6)

The term Dcpl

@Cl

@z
@Tl

@z was neglected as it was very small
compared to the other terms. When the liquid started boiling,
the temperature in the liquid phase was held constant at the
saturation temperature. This constraint led to the condition
@Tl

@z � 0.
The term hint Tsv2Tlð Þ in Eq. 6 was based on Newton’s law

of cooling and represented the heat flux to the liquid phase
from the solid-vapor phase. The heat transfer coefficient hint

was calculated from the expression in Eq. 7, where a is the
specific surface area of the solid particles. As the particles
under consideration are assumed to be perfectly spherical,
a5 6

dp
, where dp is the mean particle diameter. Also, b was cal-

culated using a function that defined the fraction of surface
area of the solid phase in contact with the liquid phase (Eq. 8)
where, �crit is the volume fraction of liquid after which the liq-
uid does not wet the surface of the solid completely. The value
�crit50:2672 was obtained from the geometry of a body cen-
tered cubic packing structure.

hint5a�sbhsv2l (7)

b5

1; if �l � �crit

2
�l

�crit

� �2

12
�l

�crit

� �
; if �l < �crit

8><
>: (8)

Energy Balance on the Solid-Vapor Phase. In the solid-
vapor phase, heat is transferred primarily through conduction
and heat is lost to the liquid phase by convective transfer as
shown in Eq. 9. Heat transferred due to diffusion of vapor
given by Dvcpv

@Cv

@z
@Tsv

@z was neglected as it was three orders of
magnitude smaller than the dominant terms. Also, the term _C
cpv

Tsv2Tlð Þ was neglected as hint � _Ccpv
. These simplifica-

tions reduced model complexity and improved reduced simu-
lation efficiency. The average conductivity of the solid-vapor
phase was given by �ksv5�ks1�kv

Cscps
1Cvcpv

� � @Tsv

@t
5
@

@z
�ksv

@Tsv

@z

� �
2hint Tsv2Tlð Þ

2 _Ccpv
Tsv2Tlð Þ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

neglected

1 Dvcpv

@Cv

@z

@Tsv

@z|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
neglected

(9)

Energy Balance on the Base Layer. The base layer,
which was defined as the bottom of the dish between the cake
and the heated plate, transfer heat via convection

qbcpb

@Tb

@t
5 _qin2 _qout

_qin5ht Tf2Tbð Þ
_qout5hb�l t; z50ð Þ Tb2Tlðt; z50Þð Þ

1 hb �s t; z50ð Þ1 �v t; z50ð Þð Þ Tb2Tsvðt; z50Þð Þ (10)

Here, ht is the heat-transfer coefficient that accounts for
heat flux from the hot fluid to the base layer, and hb represents
the heat-transfer coefficient between the base layer and the
first layer of particles. The first layer of particles is considered

Table 2. Volume Fraction, Concentrations, and Thermal

Conductivities of the Different Phases

Component
Volume
Fraction

Concentration
(kg/m3)

Thermal
Conductivity

(W/m K)

Solid �s512�void Cs5qs�s �k s5ks�s

Liquid �l5�void2�v Cl5ql�l �k l5kl�l

Vapor �v Cv5qv�v5 PMv

RgTsv
�v

�kv5kv�v

Total �s1�l1�v51 – –
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to show different properties than the other particles in the cake
as discussed elsewhere.13

Initial Conditions. The cake was considered to be com-
pletely saturated with liquid at t 5 0. This condition matched
the initial state of the cake used in our experiments. The liquid
phase temperature Tl and the solid-vapor phase temperature
Tsv were both obtained from data at t 5 0 using interpolation
(Eq. 12). The initial condition for the temperature of the base
layer Tb was obtained by extrapolating from temperature data.
The interpolation and extrapolation methods are discussed in
Section Numerical Methods

�l t50; zð Þ5�void (11)

Tl t50; zð Þ5Tsv t50; zð Þ
5Interpolate Tdatað Þ (12)

Tb t50ð Þ5Extrapolate Tdatað Þ (13)

The solid volume fraction was obtained from experimental
data using Eq. 14, where ml is the mass of liquid used to satu-
rate the cake and Vc is volume of the cake. The cake volume
was obtained from the thickness (L) and the cross-sectional
area (Ac) of the cake using Eq. 15. The average density of the
solid was obtained from Eq. 16

�s512
ml

qlVc

(14)

Vc5L � Ac (15)

qs5
ms

�sVc

(16)

�void512�s

Boundary Conditions. The flux of liquid at the cake boun-
daries was set equal to 0 (Eq. 17). For both the liquid and
solid-vapor phases, heat was transferred from the base layer
and lost to the oven head space via convection (Eqs. 18 and
19)

2D
@Cl

@z
5

0; z50

0; z5L

(
(17)

2�k l

@Tl

@z
5

hb�l Tb2Tlð Þ; z50

hoven�l Tl2Tovenð Þ; z5L

(
(18)

2�ksv

@Tsv

@z
5

hb�sv Tb2Tsvð Þ; z50

hoven�sv Tsv2Tovenð Þ; z5L

(
(19)

Governing Equations for the Oven Model. The gas flows
into the oven gas phase are the nitrogen purge gas and evapo-
rating solvent from the cake. The oven has one outlet flow to
the pump (Figure 2). The following assumptions were invoked
to derive the oven model

1. The vapor behaved like an ideal gas so the vapor den-
sity could be calculated from the ideal gas equation.

2. The gas phase was well mixed.
3. The gas phase had no heat transferred via conduction

or convection. Therefore, changes in enthalpy were only due
to gas flow into and out of the control volume.

Mass Balances on the Oven Gas Phase. An overall mass
balance on the gas phase in the oven yielded

dm

dt
5 _mpurge1 _msol2 _mout (20)

The mass balance for component “i” was solved for four out
of the five components in the gas phase. The mass fraction of
the fifth component (CO2) was obtained using Eq. 22

d mxið Þ
dt

5 _mi;in2 _moutxi (21)X
xi51 (22)

_mi;in5

_mpurge; i � N2

_msol; i � sol

0; otherwise

8>><
>>:

The unknown term _mout was eliminated by combining Eqs.
20 and 21

m
d xið Þ

dt
5 _mi;in2 _mpurge1 _msol

� �
xi (23)

Energy Balance on Oven Gas Phase. An energy balance
on the gas phase in the oven yielded

d mhð Þ
dt

5 _mpurgehpurge2 _mouthout1 _msolhsol (24)

By substituting Eq. 20 into Eq. 24, the following equation
was obtained

Figure 5. Temperature data from the three thermocou-
ples and Tsat calculated from pressure data.

Operating conditions were particle size: 70–110 lm,

temperature: 408C, and pressure: 50 Torr (6.66 kPa).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Initial Guesses and Allowable Ranges for the

Adjustable Model Parameters

Parameter Initial Guess Lower Bound Upper Bound

ks ðW=m KÞ 0.6 0.2 2
ht ðW=m2 KÞ 120 1 200
hoven ðW=m2 KÞ 10 1 100
Do ðm2=sÞ 1e-6 5e-8 1e-5
hsv2l ðW=m2 KÞ 0.5 0.01 10
hb ðW=m2 KÞ 60 1 200
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Figure 6. Comparison of MS data and oven headspace composition predictions on the left and temperature data
with solid-vapor phase temperature predictions on the right.

Objective functions involved composition data only (vMS), both composition and temperature data (vMS1vT ) and temperature data

only (vT). Operating conditions were a particle size range of 70–110 lm, temperature of 408C, and pressure of 50 Torr (6.66 kPa).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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mcpavg

dToven

dt
5 _mpurge cppurge

Tpurge2cpavg
Toven

� �
1 _msol cpv

Tsv t; z5Lð Þ2cpavg
Toven

� �
(25)

Here, cpavg
is the average specific heat capacity of the gas

phase given by cpavg
5
X

i

cpi
xi, Tpurge was obtained from the

flow controller data, and _msol was calculated as

_msol5
1

L

ðL

0

@Cl

@t
1
@Cv

@t

� �
dz (26)

Initial Conditions. Initial conditions for the mass fractions
were interpolated using data obtained from the MS. The mole
fractions provided by the MS were converted to mass fractions
and then interpolation to obtain mass fractions at t 5 0. The
initial condition for Toven was interpolated using the tempera-
ture data from the flow controller

xiðt50Þ5Interpolate xMS2datað Þ (27)

Toven t50ð Þ5Interpolate TFC2datað Þ (28)

Table 4. Estimated Parameters Obtained Using Different Objective Functions

Optimization Type ks ðW=m KÞ ht ðW=m2 KÞ hoven ðW=m2 KÞ Do ðm2=sÞ hsv2l ðW=m2 KÞ hb ðW=m2 KÞ
MS 0.20 141.47 1.24 2.62 E 206 3.34 145.77
MS and T 0.99 59.47 57.21 2.21 E 206 8.92 91.59
T 1.07 116.97 16.86 2.42 E 206 4.13 49.99

These values correspond to the results shown in Figure 6.

Figure 7. Comparison of MS data and oven headspace composition predictions on the left and temperature data
with solid-vapor phase temperature predictions on the right.

Operating conditions were a particle size range of 70–110 lm and pressure of 50 Torr (6.66 kPa). [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]

3646 DOI 10.1002/aic Published on behalf of the AIChE November 2015 Vol. 61, No. 11 AIChE Journal

http://wileyonlinelibrary.com


Numerical methods

Model Simulation. The complete MPTM consisted of a set
of partial differential equations in time t and the axial cake
coordinate z. The model was solved by discretizing the cake
spatial domain using the finite volume method with N nodes,
such that each node corresponded to an element of thickness dz.
Therefore, L5N � dz with the cake thickness L52:3 3 1022 for
all cases studied. Spatial derivatives were approximated using
central difference formulas with accuracy of O dzð Þ2. We found
that N 5 23 nodes (dz51023) provided sufficient accuracy of O
1026
� �

given that the error in our MS data was three orders of
magnitude larger. Grid dependency tests showed that nearly
converged solutions were obtained with 23 nodes, and that the
main impact of further increases in N was to increase the simu-
lation time. The chosen grid allowed a single simulation to be
completed within 30 s, which was important to reduce the com-
putational effort for parameter estimation.

The ODEs obtained after spatial discretization of the cake
equations were combined with the ODEs from the oven model

to generate a large nonlinear ODE system which was inte-
grated forward in time. The ratio of time scales of heat and
mass transfer provided a reasonable estimate of the system
stiffness. Because this ratio was approximately 10, we used
the MATLAB solver ode23t specifically designed for moder-
ately stiff problems while avoiding numerical damping. We
found that stiff MATLAB solvers were not able to efficiently
solve the model because the use of pressure data to calculate
the time derivative of liquid temperature introduced high fre-
quency noise into equations.

Initial conditions for temperatures in the cake and the base
layer were obtained from interpolation and extrapolation of
thermocouple data, respectively. The MATLAB function
interp1 with the extrap option was used for this purpose. To
avoid numerical problems, a small penalty was added to �l

such that �l t50; zð Þ5 �void21026.

Parameter Estimation. The MPTM contained a number of
parameters that could not be directly obtained from the literature
and/or were expected to change with particle size and dryer

Figure 8. Comparison of MS data and oven headspace composition predictions on the left and temperature data
with solid-vapor phase temperature predictions on the right.

Operating conditions were a particle size range of 70–110 lm and temperature of 408C. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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operating conditions. These parameters were estimated from our
drying data as explained below. The estimated parameters were:
(1) the liquid diffusion coefficient when the cake is saturated Do;
(2) the thermal conductivity of the solid ks; (3) the heat-transfer
coefficient between the solid-vapor and liquid phases hsv2l; (4)
the heat-transfer coefficient between the heating fluid to the base
layer ht; (5) the heat-transfer coefficient between the base layer
and the bottom of cake hb; and (6) the heat-transfer coefficient
between the top of cake and the oven headspace hoven. We
assumed that Do, ks, ht, and hoven would vary only with particle
size. In a previous study on vacuum drying,11 we showed that
solvent profiles were much more strongly affected by particle
size than operating temperature and pressure. These results sug-
gested significant differences in the mass-transfer rates due to
particle size. Because the diffusion coefficient Do was the only
parameter that directly affected mass transfer, Do was considered
to change only with particle size. The thermal conductivity ks

was not expected to vary significantly over the ranges of temper-
ature14 and pressure15,16 considered in this work. We considered

ht to be a system property independent of the particular operating
conditions. The boundary condition for heat transfer at the open
end of the cake shows that hoven should only vary with particle
size. By contrast, both hsv2l and hb were expected to vary with
temperature and pressure as well as the particle size due to their
roles in capturing the very complex process of heat transfer due
to boiling.17,18

The six adjustable parameters were estimated from compo-
sition and temperature data by minimizing least-squares objec-
tive functions penalizing the difference between the measured
and predicted values. More specifically, predicted tempera-
tures of the solid-vapor phase were compared to temperature
data from the three thermocouples and predicted nitrogen and
acetone mass fractions from the oven model were compared to
data from the MS using the objective functions Eq. 29. Here,
N is the number of data points in time available for compari-
son. We performed parameter estimation using temperature
data alone (vT), composition data alone (vMS) and combined
temperature-composition data (vMS1vT). The spatially

Figure 9. Comparison of MS data and oven headspace composition predictions on the left and temperature data
with solid-vapor phase temperature predictions on the right.

Operating conditions were a temperature of 408C and pressure of 50 Torr (6.66 kPa). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

3648 DOI 10.1002/aic Published on behalf of the AIChE November 2015 Vol. 61, No. 11 AIChE Journal

http://wileyonlinelibrary.com


discretized model described above was posed as a set of equal-
ity constraints in the optimization problem, which was solved
in MATLAB with the nonlinear least squares optimizer
lsqnonlin. Because the optimization problem is nonconvex,
we used the function Multistart in the global optimization
toolbox to generate 15 locally optimal solutions for each case
and selected the solution with the lowest objective function
value

vMS5
X

j5N2;sol

XN

i

xmodel
i;j 2xdata

i;j

� �2

(29)

vT5
X3

j51

XN

i

Tmodel
i;j 2Tdata

i;j

Tf2Tsat

 !2

(30)

We used root mean squared (RMS) values defined in Eq. 31
for the mass fractions and in Eq. 32 for the temperatures as
measures of the parameter fitting errors. The relation between
RMS and v values is v5N � RMS2. Because they are based on
normalized variables, the RMS values are reasonable measures
of the relative percentage errors

RMSMS5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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i;j 2xdata

i;j

� �2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

X3
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i;j
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The initial guess and allowable range of each parameter are
shown in Table 3. The initial guesses for ks, ht, and hoven were
obtained by running the optimizer to match the three tempera-
tures after the cake was dry using data collected for 70–110
lm beads at 40 8C and 50 Torr (6.66 kPa). Initial guesses for
hsv2l and hb were obtained by fitting the same dataset by trial
and error to achieve approximate agreement with the model.
The initial value of hb was set to be half that of ht.

Results and Discussion

Experimental results

Figure 5 shows temperature data collected at the three
points in the cake along with the saturation temperature of

Figure 10. Comparison of MS data and oven headspace composition predictions for a particle size range of 150–
250 lm.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal November 2015 Vol. 61, No. 11 Published on behalf of the AIChE DOI 10.1002/aic 3649

http://wileyonlinelibrary.com


Figure 11. Comparison of MS data and oven headspace composition predictions for a particle size range of
10–25 lm.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 5. Parameter Estimates Obtained from All Optimization Runs

dp lmð Þ T ð�CÞ
P

torr j3 0:13 kPað Þ ks ðW=m KÞ ht ðW=m2 KÞ hoven ðW=m2 KÞ Do ðm2=sÞ hsv2l ðW=m2 KÞ hb ðW=m2 KÞ
150–250 40 50 0.26 141.47 55.07 8.90 E 206 8.95 159.98

70–110 40 50 0.25 141.47 98.34 6.64 E 206 8.43 108.45

10–25 40 50 0.20 141.47 1.24 2.62 E 206 3.34 145.77

150–250 30 50 0.26 141.47 55.07 8.90 E 206 1.28 175.19

150–250 50 50 0.26 141.47 55.07 8.90 E 206 1.72 182.57

150–250 40 40 0.26 141.47 55.07 8.90 E 206 8.97 160.74

150–250 40 60 0.26 141.47 55.07 8.90 E 206 4.47 189.63

70–110 30 50 0.25 141.47 98.34 6.64 E 206 2.99 173.16

70–110 50 50 0.25 141.47 98.34 6.64 E 206 8.86 185.12

70–110 40 40 0.25 141.47 98.34 6.64 E 206 2.91 178.25

70–110 40 60 0.25 141.47 98.34 6.64 E 206 2.56 190.44

10–25 30 50 0.20 141.47 1.24 2.62 E 206 9.76 198.45

10–25 50 50 0.20 141.47 1.24 2.62 E 206 5.91 193.91

10–25 40 40 0.20 141.47 1.24 2.62 E 206 8.79 189.72

10–25 40 60 0.20 141.47 1.24 2.62 E 206 0.22 190.69

The parameters indicated in a bold font were adjusted for the particular run shown, while the parameters indicated in black were fixed as constants for that run.
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acetone at the pressure in the oven. Operating conditions for
the experiment were a particle size range of 70–110 lm, a
temperature of 408C, and a pressure of 50 Torr (6.66 kPa). All
three temperatures increased during the initial phase, indicated
as zone 1 in the figure. We believe that the cake was merely
heating during this period with evaporation being negligible,
as the MS reading indicated no acetate in the vapor headspace.
When the bottom temperature reached Tsat, the acetone read-
ing from the MS started to increase rapidly. This point marked
the beginning of zone 2, where the acetone at the bottom of
the cake began to boil and the bottom temperature began to
approximately track Tsat. At about 750 s, the bottom tempera-
ture exhibited a sharp increase suggesting that all the liquid
had been boiled away and the cake was being heated. This
point marked the beginning of zone 3, which continued until
the end of the experiment. The other two temperatures exhib-

ited similar behavior, with the end of liquid boiling occurring
later. This behavior was consistently observed for all experi-
ments in the range of operating conditions considered.

Parameter estimation results

Base Case Conditions. We performed parameter estima-
tion with three different objective functions (vMS, vMS1vT ,
vT) at the base case conditions of 408C, 50 Torr (6.66 kPa),
and 70–110 lm particle size. The six estimated parameter
were Do, ks, hsv2l, ht, hb, and hoven. In Figure 6, each row cor-
responds to a different objective function, while the two col-
umns show results for head space compositions and cake
temperatures. The quality of prediction was accessed accord-
ing to the RMS value shown for each case. As would be
expected, vMS produced the most accurate composition predic-
tions, vT produced the most accurate temperature predictions,
and vMS1vT produced a compromise between the composi-
tions and temperature predictions. Considerable errors were
present with all three objective functions, demonstrating the
complexity of the vacuum drying process and the value of
cake temperature measurements in addition to solvent compo-
sition measurements for model development and validation.

Table 4 contains the parameter estimates generated with the
three objective functions. Very similar Do values were
obtained, while hsv2l, hb, and ht agreed with a factor of three
or less. Larger differences were observed for ks and hoven, with
the hoven value obtained with vMS much smaller than the other
two values. The objective function vMS1vT produced nearly
equal values of hoven and ht. These results were surprising as
ht, which represents the heat-transfer coefficient from the hot
fluid through a metal plate to the base layer of particles, would
be higher in value than hoven, which represents the heat-
transfer coefficient between the top of cake and the oven head-
space. The ks value obtained with vMS was similar to a value
(0.15 W=m K) reported in literature for glass beads,16,19 while
the ks values obtained with the other two objective functions
were considerably higher. Because the primary goal of this
study was to predict the solvent concentration in the cake, all
the remaining results used vMS as the objective function.

Figure 12. Variation of log(ks) and log(Do) with log(dp),
where dp is the volume weighted mean
diameter of the glass beads.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Variations in hsv2l ðW=m2 KÞ estimates as a function of temperature and pressure for different particle
sizes.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Pressure and Temperature Variations. Next, we per-
formed parameter estimation studies over a range of pressures
and temperatures with 70–110 lm glass beads. As explained
in the section, Parameter estimation, only the heat-transfer
coefficient between the solid-vapor and liquid phases hsv2l

and the heat-transfer coefficient between the base layer and
the bottom of cake hb were re-estimated as these two parame-
ters were expected to vary with pressure and temperature. The
remaining four adjustable parameters were held constant at
their base case values obtained with vMS (Table 4). Reason-
ably accurate temperature (Figure 7) and pressure (Figure 8)
predictions were generated despite only two parameters being
estimated for each case. The reported RMS values demon-
strated that the quality of the model predictions were similar
to those obtained for the base case conditions. The model
matched the temperature data relatively well for the top most
layer (z 5 1.8 cm), but large deviations were observed for the
bottom most layer (z 5 0 cm). We believe that this error was
attributable to radial heat transfer from the walls of the dish
toward the bottom of the dish, which would cause the mate-
rial at the bottom-corner of the dish to dry before the mate-
rial at the bottom-center. This behavior cannot be captured
by our 1-D spatial model. Therefore, the exact time when
the bottom layer completely dried was difficult to predict.
Once dry, the bottom layer increased in temperature quickly
causing the adjacent layers to heat more rapidly than pre-
dicted. Similar behavior was observed with the pressure
variations.

Other Particle Sizes. We performed parameter estimation
studies for two other bead sizes (10–25 and 150–250 lm) at
the base case temperature (408C) and pressure [50 Torr (6.66
kPa)] to further analyze the predictive capability of the drying
model. Of the six parameters originally used for estimation,
only the heat-transfer coefficient between the heating fluid to
the base layer ht was expected to be independent of particle

size. Therefore, ht was fixed at the base case value obtained
with vMS (Table 4) and the remaining five parameters (Do, ks,
hsv2l, ht, hb, hoven) were estimated. The data fits were similar
to those generated for the base case condition, with slightly
improved fits obtained for the 150–250 lm beads and slightly
less accurate fits obtained for the 10–25 lm beads according
to the computed RMS values (Figure 9). The same trend was
observed with for the cake temperatures.

Temperature and Pressure Variations for Other Particle
Sizes. Next, we investigated the ability of the drying model
to predict composition data for small and large bead sizes
when the temperature and pressure were varied. For each bead
size, the parameters ks, ht, hoven, and Do were fixed at the

Figure 15. A typical boiling curve showing the variation
of the heat flux as a function of the wall
superheat. This behavior is also described
in Ref. 20.

Figure 14. Parameter contours for hsv2l ðW=m2 KÞ and hb ðW=m2 KÞ as a function of temperature and pressure for
different particle sizes.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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values obtained at the base case temperature and pressure
(Figure 9) and hsv2l and hb were re-estimated because only
these two parameters were expected to vary for these tests. For
the large beads, the model was able to generate composition
predictions that were slightly improved compared to the base
case conditions (Figure 10). With the exception of low temper-
ature and pressure case, the model also produced slightly
improved composition predictions for the small beads (Figure
11).

Analysis of Parameter Estimation Results. The estimated
parameters obtained from all the optimization runs are shown
in Table 5. The first three rows correspond to glass beads with
the particle ranges 150–250, 70–110, and 10–25 lm at the
base case conditions of 408C and 50 Torr (6.66 kPa). The
heat-transfer coefficient ht was obtained from optimization of
70–110 lm beads at base case conditions and then was held
constant for all other cases. A different set of the parameters
ks, hoven, and Do were obtained for each bead size at base case
conditions and then was allowed to vary only with particle
size. The thermal conductivity of the solid ks and the diffusion
coefficient Do decreased with decreasing mean particle size.
More specifically, log(ks) and log(Do) appeared to vary line-
arly with log(dp) as shown in Figure 12. The heat-transfer
coefficient between the cake and the oven hoven exhibited a
peak at 70–110 lm and was two orders of magnitude smaller
for the 10–25 lm beads than for the other two bead sizes.

The parameters hsv2l and hb were allowed to vary with par-
ticle size, temperature, and pressure. Figure 13 shows how the
estimates of hsv2l varied with particle size at different temper-
atures and pressures. At 308C, hsv2l increased with decreasing
particle size (Figure 13a). However, the opposite trend was
observed at 408C and no clear trend was evident at 508C. At
50 and 60 Torr (6.66 and 7.99 kPa), hsv2l decreased with
decreasing particle size (Figure 13b). However, no trend was
observed at 40 Torr (5.33 kPa). To further analyze the depend-
ence of hsv2l on operating conditions, we prepared plots show-
ing constant hsv2l contours as a function of the temperature
and pressure for each bead size (Figure 14a). These plots

clearly illustrate that hsv2l exhibited very different dependen-
cies for the three bead sizes.

A possible explanation for the complex dependence of hsv2l

on operating conditions is that the heat flux for boiling
changes with temperature difference (Ref. 17, p. 767). When
plotted as a function of the temperature difference driving
force, the heat flux exhibits a local maxima at the beginning of
transition boiling and a local minima at the end of transition
boiling (Figure 15).

Figure 16 shows how the estimate of hb varied with particle
size at different temperatures and pressures. The estimate
exhibited relatively small variations with respect to both tem-
perature and pressure for 150–250 lm beads (u30 W=m2 K).
Larger variations were observed for the 70–110 lm (u82
W=m2 K) and 10–25 lm (u53 W=m2 K) beads. Contour plots
of hb vs. temperature and pressure showed no obvious trends
with respect to temperature (Figure 15a). While hb increased
with pressure for the 150–250 lm beads, hb exhibited a mini-
mum for both 70–110 and 10–25 lm beads (Figure 14b). We
attributed the lack of clear trends in hb to the complex phe-
nomenon, which includes the effects of heat transfer from the
base layer to the first layer of particles and liquid boiling at the
interface, captured by this parameter. Further studies beyond
the scope of this article would be needed to better understand
these mechanisms.

Conclusions

We constructed a highly controllable vacuum drying system
with the capability for measuring both temperatures inside the
cake and gas compositions in the oven headspace for the
development of multiphase transport drying models. Experi-
ments with glass beads conducted over a range of particle
sizes, temperatures, and pressures suggested that boiling (as
opposed to evaporation) was the dominant drying mechanism.
Once the local cake temperature reached the saturation tem-
perature Tsat, the liquid at that location began to boil and the
local temperature approximately tracked Tsat. Although this
phenomenon is evident in another experimental study,9 we

Figure 16. Variations in hb ðW=m2 KÞ estimates as a function of temperature and pressure for different particle
sizes.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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believe that our study provides the first explicit characteriza-
tion of this boiling behavior.

We developed a MPTM which captured the physics of the
drying process more faithfully than existing models under
conditions where boiling was the predominant mode of sol-
vent loss. The model was based on several simplifying
assumptions, including that evaporation was negligible and
that the vapor and solid phases could be lumped into a single
phase. To investigate the predictive capabilities of the
model, parameter estimation studies were performed using a
dataset consisting of headspace composition measurements
collected for three bead sizes (10, 100, 200 micron volume
averaged means), three temperatures (30, 40, 508C), and
three pressures (40, 50, 60 Torr or 5.33, 6.66, 7.99 kPa). The
parameters estimated consisted of the liquid diffusion coeffi-
cient, the thermal conductivity of the solid and four heat-
transfer coefficients. First, we established a base set of
parameter estimates at one operating condition. Then,
according to the assumptions mentioned in the Parameter
Estimation section, certain parameters were re-estimated as
the bead size, temperature of pressure were varied.

We found that the parameterized model was capable of
producing composition time profile estimates with 2.5–4%
error according to calculated RMS values. Conversely, tem-
perature measurements within the cake could only be repro-
duced in a qualitative manner, suggesting that the model
lacked some process physics. The thermal conductivity and
the diffusion coefficient were shown to have a linear depend-
ence on mean particle size when variable were expressed in
logarithmic coordinates. Other parameter trends with particle
size were difficult to discern and we contribute this to the
complex nature of boiling (Ref. 17, p. 767). Natural exten-
sions of our model include the development of a full three
phase description and the incorporation of evaporative drying
mechanisms.

Acknowledgments

The authors wish to acknowledge Sunovion Pharmaceuti-
cals for funding this research and for providing facilities to
perform the drying experiments. The authors thank the fol-
lowing individuals for their assistance: John Barck (Suno-
vion) for custom building the vacuum oven and for other
miscellaneous improvements to the laboratory-scale drying
system; Bob Prytko, Vitaly Nivorozhkin, Robert Bujalski,
and Mike Filios (Sunovion) for constructing, operating, and
maintaining the drying system; Mike Sizensky (Sunovion)
for performing particle-size distribution measurements of the
glass beads; and Mike Eck and Charles DeCarlo (Extrel) for
supporting our use of the MS.

Notation

Inputs

a = surface area to volume ratio of the beads, m21

b = fraction of solid surface area in contact with liquid
DH = enthalpy of vaporization, J/kg

_C = rate of vaporization of liquid per unit volume, kg/m3 s
_mout = mass flow rate out of the oven headspace, kg/s

_mpurge = mass flow rate of purge gas into the oven headspace, kg/s
_msol = mass flow rate of solvent vapor into the oven headspace, kg/s
�i = volume fraction of “i”

�void = void volume fraction of the cake
qi = density of “i,” kg/m3

Ac = cross-section area of cake, m2

Ci = concentration of “i,” kg/m3

cpi
= heat capacity of “i,” J/kg K

cpavg
= specific heat capacity of gas in oven headspace, J/kg K

cppurge
= specific heat capacity of purge gas entering the oven headspace,

J/kg K
D = diffusion coefficient of liquid, m2/s
h = enthalpy of gas in oven headspace, J/kg
hl = heat capacity of liquid at Tl, J/kg
hv = heat capacity of vapor at Tl, J/kg

hout = enthalpy of purge gas entering the oven headspace, J/kg
hpurge = enthalpy of vaporization, J/kg

hsol = enthalpy of solvent vapor entering the oven headspace, J/kg
ki = thermal conductivity of “i,” W/m K
L = thickness of the cake, m
m = mass of gas in oven headspace, kg
ml = initial mass of liquid in cake, kg
ms = mass of solid in cake, kg

t = time, s
Tf = temperature of the heating fluid, K
Vc = volume of the cake, m3

z = distance from bottom of cake, m

Parameters

Do = diffusion coefficient of liquid when the cake is saturated, m2/s
hb = heat-transfer coefficient between base layer and bottom of cake,

W/m2 K
ht = heat-transfer coefficient between heating fluid and base layer, W/

m2 K
hoven = heat-transfer coefficient between the top of cake and the oven

headspace, W/m2 K
hsv2l = heat-transfer coefficient between solid-vapor and liquid phase,

W/m2 K
ks = thermal conductivity of solid, W/m K

Subscripts

b = base layer
l = liquid
s = solid

sv = solid-vapor phase
v = vapor

Variables

�l = volume fraction of liquid
Tb = temperature of the base layer, K
Tl = temperature of liquid phase, K

Toven = temperature of oven headspace, K
Tsv = temperature of solid-vapor phase, K

xi = mass fraction of species “i” in oven headspace
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